Knowledge based Communication
1. Introduction
If you have ever played a card game like bridge, you must have noticed that good
players find out almost exactly about the cards that their partners and their opponents have
after only a few round of bidding. How do they communicate such a vast amount of
information using such a small number of bids? The answer is: they can deduce these from
the knowledge that they possess about bidding in a game of cards. When communication
bandwidth is expensive, knowledge-base communication can increase the efficiency in
communication between processes that are smart enough to make deduction based on
common knowledge. Here, common knowledge of public knowledge of a fact f is
defined as
Everybody knows f
Everybody knows that (everybody knows f)
Everybody knows that (everybody knows that (everybody knows f)) . ad infinitum
In this section, we present the cheating husbands puzzle (MDH 1986) that reveal the subtle
interdependence among knowledge, communication and action. This is a minor variation
of the cheating wives puzzle originally presented in 1958 by Gamow and Stern, the
improvization is attributed to Martin Gardner. The story is of the matriarchal state of
Mamajorca, where the queen (who was always truthful) was fighting the male infidelity
problem with the help of the women of that state, all of whom were truthful, in sound
mental and physical health, and obedient to the queen.. The story is as follows.
K.1

Cheating Husbands Puzzle
Queen Henrietta I summoned all the wives (who were heads of the households) in
the town square, and told them:
“There are one or more unfaithful husbands in the community. Although none of
you knew before coming here whether your own husband is faithful, each of you knew
which of the other husbands are unfaithful. Do not discuss this matter with anyone, and
return to your home right now. If you discover that your own husband is unfaithful, then
you must shoot him on the midnight of the very day you discover it.”
Thirty-nine silent nights went by, and in the fortieth night gunshots were heard.

To understand the puzzle, we need to find out the answer tto the following questions:
Question 1. Why nothing happened for thirty-nine nights?
Question 2. How many unfaithful husbands were there in Mamjorca?
Question 3. How did the wives find out that their husbands were unfaithful?
Assume that there is exactly one unfaithful husband Hi. Then his wife Wi will not
know of any other unfaithful husband. From the announcement in town square (which is
now common knowledge), Wi will easily deduce that her own husband H i is unfaithful.
So, she will kill her on the first night.
Now, assume that there are two unfaithful husbands Hi and Hj. The wife of Hi,
i.e. Wi knows that H j is unfaithful, and similarly, Wj, the wife of Hj knows that H i is
unfaithful. Each of them will expect the other husband to be killed on the first night, so
nothing will happen on the first night. Next day, Wi will think, “Wj did not kill her
husband, so she must have known about another unfaithful husband that I don’t know of.
Who else could it be? It must be my husband!” So Wi kills H i on the second night, and
for the same reason, Wj also kills Hj on the second night. As a result, two gunshots are
heard on the second night.
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Readers following these deductions must have sensed an inductive argument in
identifying unfaithful husbands. Using induction, it is easy to deduce that if there are N
unfaithful husbands, the all of them will be killed on the N th night. And therefore, in
Mamajorca, there were 40 unfaithful husbands. Notice that no communication was
involved in this deduction process.

K.2.

The Puzzle continues
Queen Henrietta II, daughter of Henrietta I, installed a mail system from her palace
to all the households of Mamajorca. The mail system guaranteed eventual delivery of each
of her letters to the households, so that her subjects need not waste their time to gather in
the town square anymore. Her first letter was an exact copy of the announcement that her
mother made in the town square.
Henrietta II suffered disgrace and died in despair.
Question. Why did Henrietta II fail to solve the male infidelity problem?
Notice that the mail system was asynchronous, in as much as there was no upper
bound on the delivery time. Let us analyze the scenario:
If there was only one unfaithful husband, then his wife would have found it out
immediately after she received the letter from the queen. The fact that she did not know of
any other unfaithful husband, was an unmistakable evidence of the fact that her own
husband was unfaithful. So she will kill her husband on the midnight of the day she
received the letter.
The situation completely changes if there are two unfaithful husbands. In that case,
each of the two cheated wives knows of exactly one unfaithful husband. So, after receiving
the letter from the queen, each will expect the unfaithful husband (they know of) to be
killed in the first night. As a result nothing happens that night. But next morning, each
cheated wife will think: “Why wasn’t the unfaithful husband (that I know of) killed last
night? Does it mean that the wife of the that unfaithful husband knows of another
unfaithful husband whom I don’t know? It has to be my husband then. But, isn’t it also
possible that the wife of the cheated husband did not yet receive the mail from the queen!
Since the delivery times are arbitrary but finite, the doubt voiced in the last line of
the previous paragraph will indefinitely prevent the women from killing their husbands.
This must have brought disgrace to Henrietta II.
K.3.

The Case of Synchronous Communication
Henrietta III, daughter of Henrietta II, improved the mail system, so that each of
her letters was guaranteed to be delivered to the women head-of-the-households in < d

days, and everyone knew about it. Calendars were not invented at that time, so there was
no way to stamp the letters with the sending date.
Henrietta III was more effective than her mother, but she also brought some
injustice upon Mamajorca. If she told her subjects to wait for a few days before shooting,
then she could be as famous as Henrietta I.
Now that we are more familiar with the line of argument, we claim that the
following theorem will hold for the synchronous case.
Theorem 1. If every mail is delivered in less than d days, then a cheated woman who
knows of exactly N unfaithful husbands, will know that her own husband is unfaithful
after N.d silent nights from the day she received the letter from the queen.
Proof (by induction)
(Base case) N=0. The result trivially holds.
(Induction hypothesis) Assume that it holds for N = k.
(To prove) We need to show that it holds for N= k+1.
Let a woman Wi know of (k+1) unfaithful husbands. If her own husband H i is
faithful, then every cheated wife knows of exactly k unfaithful husbands (they do not
know that their own husband is unfaithful). According to the induction hypothesis, after
k.d silent nights, these husbands will be killed. But when that does not happen, Wi starts
wondering if her own husband H i is unfaithful. It is possible that the cheated wives
received the mail (d-1) days after Wi received it, so the killing might be postponed by an
additional d nights, i.e. (k+1).d nights. When that does not happen, Wi is convinced
that Hi is unfaithful.
n
This explains why Henrietta III was more effective than her mother. But there was room
for confusion, that reduced the effectiveness of the identification process. Consider the
following scenario. Assume that d=2.
Monday

Alice receives a letter from the queen that there is at least one unfaithful
husband. Alice knows that Beth’s husband is unfaithful.

Tuesday

Beth shoots her husband at midnight.

There are two possibilities here.
Possibility 1. Beth received the letter on Tuesday. She knew that Alice’s husband was
faithful, so she killed her own husband on Tuesday night.
Possibility 2. Beth received the letter on Sunday, and knowing that Alice’s husband is
unfaithful, waited if Alice would kill him. When that did not happen till the midnight of
Monday, Beth killed her own husband.
Note that there are conflicting evaluations of Alice’s husband in the two possibilities. So
Alice will remain in doubt forever about the fidelity of her own husband.
The above ambiguity will be resolved, if every cheated wife is asked to wait for at least
(d-1) days after getting the unmistakable evidence that her husband in unfaithful.

Exercise
1. What would have happened in Henrietta I’s regime, if there was exactly one unfaithful
husband, and the wife of the cheated husband was disobedient?

